Introduction and main results {#Sec1}
=============================
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                \begin{document}$$ f^n $$\end{document}$ be the *n*-th iterate of a transcendental entire function *f*. The maximal open set *F*(*f*) where the family $\documentclass[12pt]{minimal}
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                \begin{document}$$ J(f):={\mathbb {C}}\backslash F(f) $$\end{document}$ is called the Julia set. The dynamics given by the iteration of transcendental entire maps has been widely studied (cf. Eremenko and Lyubich [@CR3]).
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**Theorem 1** {#FPar1}
-------------
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After that, many authors (cf. Fagella [@CR4]; Jang [@CR5]; Kuroda and Jang [@CR6]; Morosawa [@CR8]) studied the dynamics of the functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_0:=\{\mu \in \mathbb {R} | J(f_\mu )={\mathbb {C}}\} \end{aligned}$$\end{document}$$is an infinite set. Further, Morosawa ([@CR8]) proved that the one-dimensional Lebesgue measure of $\documentclass[12pt]{minimal}
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                \begin{document}$$ B_0 $$\end{document}$ is positive.
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                \begin{document}$$ F(f_\mu ) $$\end{document}$ has no wandering components. The asymptotic value is fixed, hence there is only one free singular orbit. It follows that there is at most one cycle of periodic Fatou components, either attracting, parabolic or Siegel. Since for real parameters the orbit of the free critical value is entirely real, there is no possibility of Siegel discs. Hence only attracting or parabolic cycles are possible and attracting or parabolic periodic points (if they exist) are real.

In this paper, our main goal is to study the structure of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_n:=\{\mu \in {\mathbb {R}} | f_\mu \text{ has } \text{ a } \text{ cycle } \text{ of } \text{ attracting } \text{ periodic } \text{ points } \text{ of } n\hbox {-order} \}, \end{aligned}$$\end{document}$$for every positive integer *n*.
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                \begin{document}$$ \mu \in {B_1} $$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu $$\end{document}$ satisfies the following condition:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -1<e^{\mu }< 1 \quad \text{or} \quad -1<1-\mu < 1. \end{aligned}$$\end{document}$$This immediately implies that $\documentclass[12pt]{minimal}
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                \begin{document}$$ B_1=(-\infty ,0)\cup (0,2) $$\end{document}$.

Since a completely invariant domain contains all singular values, it is easy to see that if $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mu \in (0, 2) $$\end{document}$, then the Fatou set $\documentclass[12pt]{minimal}
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                \begin{document}$$ F(f_\mu ) $$\end{document}$ is not a completely invariant attracting basin. However, for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mu \in (-\infty ,0) $$\end{document}$, we have the following result.

**Theorem 2** {#FPar2}
-------------
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                \begin{document}$$ F(f_\mu ) $$\end{document}$*is a completely invariant attracting basin.*
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                \begin{document}$$ n>1 $$\end{document}$, we prove the following Theorems.

**Theorem 3** {#FPar3}
-------------
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                \begin{document}$$ B_2 = (2,\mu _{*}) $$\end{document}$.

**Theorem 4** {#FPar4}
-------------
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**Theorem 5** {#FPar5}
-------------
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                \begin{document}$$ B_p $$\end{document}$*has at least two components.*

*Remark 6* {#FPar6}
----------
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                \begin{document}$$ n>3 $$\end{document}$. An interesting problem is how many components contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ B_p $$\end{document}$.

The Proof of Theorem [2](#FPar2){ref-type="sec"} {#Sec2}
================================================

In order to prove Theorem [2](#FPar2){ref-type="sec"}, we need the following Lemmas. Set $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Delta _r:=\{z\in {\mathbb {C}}|\ |z|<r\} $$\end{document}$.

**Lemma 7** {#FPar7}
-----------
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*Proof* {#FPar8}
-------
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**Lemma 8** {#FPar9}
-----------
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*Proof* {#FPar10}
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Before proving Theorem [10](#FPar14){ref-type="sec"}, we first introduce some preliminary facts.
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*Proof* {#FPar19}
-------
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**Lemma 12** {#FPar20}
------------
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*Proof* {#FPar21}
-------

From ([4](#Equ4){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} g'_\mu (-\mu )=1+(-\mu +1)\exp (-\mu +\mu )=2-\mu <0. \end{aligned}$$\end{document}$$Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g_\mu (0)=2\mu >0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g_\mu (-\mu )=0 $$\end{document}$. Since the curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ y=g_\mu (x) $$\end{document}$ is convex in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (-\infty , -2] $$\end{document}$ and concave in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ [-2, +\infty ) $$\end{document}$, we infer that the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g_\mu $$\end{document}$ has only three distinct zeros $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ -\mu , p $$\end{document}$ and *q* , where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ p<-\mu $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-2<q<0,$$\end{document}$ moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g'_\mu (p)>0 $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g'_\mu (q)>0.$$\end{document}$

**Proof of Theorem**[10](#FPar14){ref-type="sec"}

*Proof* {#FPar22}
-------

First, we prove the part (1) of Theorem [10](#FPar14){ref-type="sec"}.

From Claim 1, by Lemma [9](#FPar11){ref-type="sec"}, we infer that for $\documentclass[12pt]{minimal}
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Next, we prove the part (2) of Theorem [10](#FPar14){ref-type="sec"}.
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As a corollary of Theorem [10](#FPar14){ref-type="sec"}, we have the following result.

**Theorem 13** {#FPar23}
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From ([3](#Equ3){ref-type=""}) and Lemma [12](#FPar20){ref-type="sec"}, we immediately get the following result.
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                \begin{document}$$\begin{aligned} \lim _{\mu \rightarrow {2^{+}}}\lambda =\lim _{\mu \rightarrow {2^{+}}}(p+1)(q+1)=1. \end{aligned}$$\end{document}$$By ([6](#Equ6){ref-type=""}) and ([12](#Equ12){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} |q|=|p\exp (p+\mu )|=\frac{|q+2\mu |}{\exp (q+\mu )}<\frac{2+2\mu }{\exp (\mu -2)}. \end{aligned}$$\end{document}$$It is easy to obtain by calculating that$$\documentclass[12pt]{minimal}
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**Proof of Theorem**[3](#FPar3){ref-type="sec"}

*Proof* {#FPar27}
-------
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Therefore, Theorem [3](#FPar3){ref-type="sec"} is proved completely. $\documentclass[12pt]{minimal}
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*Remark 16* {#FPar28}
-----------
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From ([12](#Equ12){ref-type=""}) and ([15](#Equ15){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda =(1-2\mu -q)(1+q)\ \ \ \Leftrightarrow \ \ \ (q+\mu )^2=(\mu -1)^2-\lambda . \end{aligned}$$\end{document}$$Noting $\documentclass[12pt]{minimal}
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*Remark 17* {#FPar29}
-----------
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From ([12](#Equ12){ref-type=""}), ([15](#Equ15){ref-type=""}) and ([20](#Equ20){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{d\lambda }{d\mu }&=-2-\frac{pq(p+q+4)}{p+q+pq}\\&=-2-\frac{(2\mu +\lambda -1)(4-2\mu )}{\lambda -1}\\&=\frac{2(\lambda -1)((\mu -2)-1)+4(\mu -2)^2+8(\mu -2)}{\lambda -1}, \end{aligned}$$\end{document}$$which implies that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left( \sum ^{\infty }_{k=1}a_{k}t^k\right) \left( \sum ^{\infty }_{k=1}ka_{k}t^{k-1}\right) =2\sum ^{\infty }_{k=1}a_{k}t^{k+1}-2\sum ^{\infty }_{k=1}a_{k}t^{k}+4t^2+8t, \end{aligned}$$\end{document}$$which implies that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sum ^{\infty }_{l=1}\left( \sum ^{l}_{j=1}ja_{j}a_{l+1-j}\right) t^{l} =t(8-2a_1)+t^2(2a_1-2a_2+4)+\sum ^{\infty }_{l=3}2(a_{l-1}-a_l)t^{l}. \end{aligned}$$\end{document}$$The comparison of the left and the right side with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&l=1:\ \ \ a_1^2=8-2a_1\ \Rightarrow a_1=-1\pm 3\ \Rightarrow \frac{d\lambda (\mu )}{d\mu )}|_{\mu =2}=a_1=-4<0;\\&l=2:\ \ \ a_1a_2+2a_2a_1=2a_1-2a_2+4\ \Rightarrow a_2=0.4;\\&l\ge 3:\ \ \ a_l=\frac{1}{4l+2}\left( \sum ^{l-1}_{j=2}ja_{j}a_{l+1-j}-2a_{l-1}\right) . \end{aligned}$$\end{document}$$Fig. 2Taylor series expansion of $\documentclass[12pt]{minimal}
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The Plot of the Taylor series expansion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (\mu )$$\end{document}$ up to 10th order with expansion point 2 is as in Fig. [2](#Fig2){ref-type="fig"}. Indeed, the Taylor polynomials can also be used to approximate $\documentclass[12pt]{minimal}
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The Proof of Theorem [4](#FPar4){ref-type="sec"} {#Sec4}
================================================

In this section we prove Theorem [4](#FPar4){ref-type="sec"} by finding a parameter $\documentclass[12pt]{minimal}
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**Lemma 18** {#FPar30}
------------
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**Lemma 19** {#FPar31}
------------
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*Proof* {#FPar32}
-------
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*Proof* {#FPar34}
-------
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The following two Lemmas have been proved by Kuroda and Jang ([@CR6]). Here we give different proofs of them.

**Lemma 21** {#FPar35}
------------
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*Proof* {#FPar36}
-------
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**Lemma 22** {#FPar37}
------------

*For every positive integern* , *the function*$\documentclass[12pt]{minimal}
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*Proof* {#FPar38}
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From Lemma [22](#FPar37){ref-type="sec"}, we immediately get the following Theorem.

**Theorem 23** {#FPar39}
--------------
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Thus, Theorem [4](#FPar4){ref-type="sec"} follows from Theorem [23](#FPar39){ref-type="sec"}.

The Proof of Theorem [5](#FPar5){ref-type="sec"} {#Sec5}
================================================
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**Theorem 24** {#FPar40}
--------------
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*Proof* {#FPar41}
-------
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The proof of Theorem [5](#FPar5){ref-type="sec"} needs Theorem [24](#FPar40){ref-type="sec"} and the following Lemmas.

**Lemma 25** {#FPar42}
------------
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**Proof of Theorem**[5](#FPar5){ref-type="sec"}

*Proof* {#FPar44}
-------

By assumption, the prime number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ p\ge 5 $$\end{document}$.

Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ I_0:=[s_1(\mu _3),0] $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g: =f_{\mu _3}|I_0 $$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ s_1(\mu _3) $$\end{document}$ is the minimum value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f_{\mu _3} $$\end{document}$, we see that *g* is a self-mapping of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ I_0 $$\end{document}$. From Lemma [22](#FPar37){ref-type="sec"}, *g* has super-attracting periodic points of 3-order. According to Lemma [25](#FPar42){ref-type="sec"}, *g* has periodic points of *p*-order. Since the Fatou set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ F(f_\mu ) $$\end{document}$ has at most one cycle of periodic components, we get that all of the periodic points of *p*-order of *g* are repelling. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n_p $$\end{document}$ denote the number of the cycles of periodic points of *p*-order of *g* , and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n'_p $$\end{document}$ (resp. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n''_p $$\end{document}$) denote the number of the cycles of which the multipliers are greater (resp. less) than 1. Clearly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 1 \le n_p <+\infty $$\end{document}$. Since the periodic points of *p*-order of *g* are repelling, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n'_p + n''_p = n_p $$\end{document}$. Since *p* is a prime number, every fixed point of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g^{p} $$\end{document}$ is either fixed point or periodic point of *p*-order of *g*. Noting that *g* has only two fixed points 0 and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ -\mu $$\end{document}$, we get that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g^p_\mu $$\end{document}$ has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ pn_p + 2 $$\end{document}$ fixed points. Assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n''_p=0 $$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g^p_\mu $$\end{document}$ has at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ pn_p $$\end{document}$ fixed points, whose multipliers are greater than 1. However, by Lemma [26](#FPar43){ref-type="sec"}, we deduce that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g^p_\mu $$\end{document}$ has at least $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ 2pn_p-1 $$\end{document}$ fixed points, and then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ pn_p + 2\ge 2pn_p-1 $$\end{document}$, which contradicts that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ pn_p\ge p \ge 5 $$\end{document}$. Hence we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ n''_p\ne 0 $$\end{document}$, which implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu _3\in \hat{B}_{p} $$\end{document}$.

Let (*a*, *b*) be the component of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \hat{B}_{p} $$\end{document}$, which contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu _3 $$\end{document}$. Then by Theorem [24](#FPar40){ref-type="sec"}, there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ a_0 $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ a_0<\mu _3 $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ a_0\in {B_p} $$\end{document}$. From Lemma [21](#FPar35){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu _3<\mu _p $$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu _3\notin {B_p} $$\end{document}$, we infer that there exist two different components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ B_p $$\end{document}$, one of them contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ a_0 $$\end{document}$, the other contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mu _p $$\end{document}$.

Thus, Theorem [5](#FPar5){ref-type="sec"} is proved completely. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Conclusions {#Sec6}
===========

It is known that the dynamics given by the iteration of transcendental entire maps has been widely studied. In this paper, we consider the dynamics of the functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\mu }(z)=ze^{z+\mu }$$\end{document}$ with the real parameter, and prove that the Fatou set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F({f_{\mu }})$$\end{document}$ is a completely invariant attracting basin for every parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu <0$$\end{document}$. We say that a real parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ belongs to the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_n$$\end{document}$ for a positive integer *n* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{\mu }$$\end{document}$ has an attracting cycle of *n*-order. Regarding the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_n$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n>1$$\end{document}$, we show that (1) there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _*\ne +\infty $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_2=(2,\mu _*)$$\end{document}$; (2) for every positive integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n>2$$\end{document}$, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_n$$\end{document}$ is non-empty; (3) for every prime number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>3$$\end{document}$, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_p$$\end{document}$ has at least two components.

The main idea of this paper was proposed by XCD, FNM, JML and WJY, prepared the manuscript initially and performed all the steps of the proofs in this research. All authors read and approved the final manuscript.

Acknowledgements {#FPar45}
================

The authors would like to express their hearty thanks to Professor Liao Liangwen for his helpful discussions and suggestions, and Professor Valeria Olivo for her useful and valuable advices.

This work was supported by the Visiting Scholar Program of Chern Institute of Mathematics at Nankai University when the authors worked as visiting scholars. The fourth author would like to express their hearty thanks to Chern Institute of Mathematics provided very comfortable research environments to him. This work is supported by the NSF of China (11271090, 41172295), the Foundation for Young Talents in Educational Commission of Guangdong Province (2015KQNCX116), the NSF of Guangdong Province (2016A030310257, 2015A030313346, S2012010010121).

Competing interests {#FPar46}
===================

The authors declare that they have no competing interests.
